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Abstract 
A coronoid system H can be regarded as a hexagonal system that is allowed to have ‘holes’ 
such that the perimeter of H and the perimeters of the holes are pairwise disjoint. H is said to be 
normal if it has no fixed bond. A normal coronoid system is called regular if it can be 
constructed from a smaller one that has already been recognized as regular by adding 
a hexagon in some special ways, In this paper a necessary and sufficient condition for 
a coronoid system to be regular is given. 
A hexagonal system, also called benzenoid system, honeycomb system, or bcn- 
zenoid, is a finite connected plane graph with no cut-vertices in which every interior 
region is bounded by a regular hexagon of side length 1 [7]. Hexagonal systems have 
counterparts in what are called benzenoid hydrocarbons. Recently, several books 
along this line appeared Cl]. 
Coronoid systems can be viewed as a sort of hexagonal systems with holes. 
A coronoid system C can be obtained from a hexagonal system H by deleting all the 
vertices and edges lying in the interior of a group of pairwise disjoint cycles C,, , C, 
(t 3 1) which are inside H, i.e. Ci contains no vertex on the perimeter of H. These 
cycles are called the inner perimeters of G, while the perimeter of H is called the outer 
perimeter of G. If G has only one inner perimeter, G is called a single coronoid system; 
otherwise, G is called a multiple coronoid system [3]. Coronoid systems have 
counterparts in what are called coronoid hydrocarbons. Thus, the study for coronoid 
systems is also of chemical relevance. 
A fixed bond of a hexagonal or coronoid system G is an edge which belongs to all or 
none of the perfect matchings of G. A hexagonal or coronoid system without fixed 
bonds is called normal [4]. 
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Fig. 1. Five modes of a hexagon in a hexagonal or coronoid system. 
A hexagonal or coronoid system can be generated by additions of hexagons to the 
perimeters. A normal addition is adding one hexagon to a hexagonal or coronoid 
system such that the added hexagon acquires the mode Li, L3 or L5 [3] (see Fig. 1). 
The following result was conjectured by Cyvin and Gutman, and was proved by He. 
Theorem 1 (He and He [S]). A normal hexagonal system with h + 1 hexagons can be 
generated from a normal hexagonal system with h hexagons by a normal addition. 
The above theorem implies that a normal hexagonal system can be generated from 
a single hexagon by a series of normal additions, each time only one hexagon being 
added. 
The opposite process of a normal addition is a normal tearing down [3]. Thus, the 
above theorem also implies that a normal hexagonal system can be subjected to 
a series of normal tearings down, hexagon by hexagon, right down to a single 
hexagon. 
For coronoid systems the generating process is much more complicated than that of 
hexagonal systems (cf. Ch. 7 in [2]). Recall that a corona condensation [2] is adding 
one hexagon to a hexagonal system such that the added hexagon acquires the mode 
L2 or AZ (cf. Fig. 1) and a new hole appears. The opposite process of a corona 
condensation is a corona-tearing down. Evidently, after a corona-tearing down, the 
number of holes decreases by one. In particular, a corona-tearing down turns a single 
coronoid system into a hexagonal system. 
Definition 2 (Cyvin et al. [2]). A coronoid system G with n inner perimeters is said to be 
regular if G can be subjected to a series of normal tearings down plus n corona-tearings 
down, each time only one hexagon being removed, right down to a single hexagon. 
The following is equivalent to the above definition. 
Definition 2* (Cyvin et al. [2]). A coronoid system G with n inner perimeters is said to 
be regular if G can be generated from a single hexagon by a series of normal additions 
plus n corona condensations, each time only one hexagon being added. 
Recently, it was found that the normal coronoid systems should be divided into 
regular and irregular ones to make the classification more appropriate for studies of 
C. Rang-si. Z. Fuji 1 Discrete Applied Mathematics 74 (1997) 147--1X? 149 
perfect matching counts [2]. The condition for a single coronoid system to be regular 
was reported in [2]. In this paper we shall answer the question: when a multiple 
coronoid system is regular? 
Recall that for a perfect matching M of a hexagonal or coronoid system G. a cycle 
P is said to be an M-alternating cycle if the edges of P are alternately in M and 
E(G) -- M, where E(G) is the set of edges of G. 
The following results are known. 
Theorem 3 (Zhang [S]). A hexagonal system H is normal if und only if H po,s.se.sse.s 
a perfect matching M such that the perimeter of H is un M-alternating cycle. 
Theorem 4 (Zhang [9]). A coronoid system G is normal lfund only if each of the outer - 
und inner perimeters of G is an M-alternating cycle,for some perfect matching M of G. 
Theorem 5 (Cyvin et al. [2]). A single coronoid system G is regular (f and only tfthere is 
a perfect matching M of G such that both the inner and the outer perimeters of G ure 
M-ulternating cl-cles. 
One can see that the condition in Theorem 5 is stronger than that in Theorem 4. 
Thus, a regular single coronoid system must be normal. 
Now we are in the position to formulate our main result. 
Theorem 6. Let G be a coronoid system with n (2 I) innner perimeters. Then G is 
regular (f and onI?- if there is a perfect matching M of G such that the outer perimeter and 
ull the inner perimeters are M-alternating cycles. 
Proof. Necessity: Suppose that G is regular. By Definition 2*, G can be obtained from 
a single hexagon in 2n steps. 
Step 1: A hexagonal system G1 is obtained by a series of normal additions to 
a single hexagon. Each time only one hexagon is added into a mode Lr, L3 or L,. 
Strrp 1’: A single coronoid system G; is formed by a corona condensation to G,. 
One hexagon is added into a mode Lz or A2 so that a single inner perimeter is created. 
Step 2: A single coronoid system Gz is obtained by a series of normal additions to 
G’, Each time only one hexagon is added into a mode L,, L3 or Lg. 
Step 2’: A coronoid system G; with 2 inner perimeters is formed by a corona 
condensation to G,. 
Continue this procedure. In general. at step t (> l), a coronoid system G, with t - 1 
inner perimeters is obtained by a series of normal additions to G,_ r. Each time only 
one hexagon is added into a mode L1, L, or Lg. While at step t’, a coronoid system 
Gi with t inner perimeters is obtained by a corona condensation to G,, only one 
hexagon is added into a mode L2 or AZ. 
We want to show that at each step the obtained system has a perfect matching 
M such that the outer and all the inner perimeters are M-alternating cycles. It suffices 
to prove the following two properties. 
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Property 1. Let H be a hexagonal or coronoid system with a perfect matching M such 
that the outer and all the inner perimeters are M-alternating cycles. If H* is obtained 
from H by a normal addition, then H* has a perfect matching M* such that the outer and 
all the inner perimeters of H* are M*-alternating cycles. 
Property 2. Let H be a coronoid system with a perfect matching M such that the outer 
and all the inner perimeters are M-alternating cycles. If H* is obtained from H by 
a corona condensation, then H* has perfect matching M* such that the outer and all the 
inner perimeters are M*-alternating cycles. 
Proof of Property 1. Assume that hexagon s is added to H, and perimeter C of H and 
hexagon s have some edges in common. Since C is an M-alternating cycle in H, C is 
also an M’-alternating cycle in H, where M’ is the symmetric difference of M and C, 
i.e. M’ = MA C = (Mu C) - (M nC). Thus, without loss of generality, we may 
assume that M is the perfect matching of H such that the edges of M on C are as 
indicated in Fig. 2 (by double lines). Ifs acquires the mode L1, let M* = Mu {e,, e2 >; if 
s acquires the mode L3, let M* = M u{e}; ifs acquires the mode L,, let M* = M. One 
can check that in each case M* is a perfect matching of H* such that the outer and all 
the inner perimeters of H* are M*-alternating cycles. 
Proof of Property 2. Assume that hexagon s is added to H. We distinguish two 
cases. 
Case 1: Hexagon s has two edges in common with the outer perimeter of H. Denote 
these two edges by e, and e2. Without loss of generality (cf. the proof of Property l), 
we may assume that el does not belong to M. Bear in mind that hexagonal and 
coronoid systems are bipartite graphs, and thus have no cycles with odd length. If 
s acquires the mode L,, then e2 must belong to M; if s acquires the mode A2, then 
e2 does not belong to M (see Fig. 3, where the edges of M on the outer perimeter of 
H are indicated by double lines). Otherwise, the outer perimeter of H* will be a cycle 
with odd length, a contradiction. In the former case, let M* = (M - {e2 >) u{ e3, e4 >; in 
the latter case, let M* = Mu {e}. It is not difficult to see that the outer perimeter and 
all the inner perimeters of H* are M*-alternating cycles. 
Fig. 2 
C. Rang-si. Z. Fuqi / Discwie Applied Mathematics 74 flYY7) 147-158 
Fig. 3. 
s is of mode A2 
s is of mode L2 
Fig. 4 
Case 2: Hexagon s has two edges in common with some inner perimeter of H (cf. 
Fig. 4). It can be dealt with in a similar way as in case 1. We omit the details. 
SuJficiency: Let C, denote the outer perimeter of G, Ci, . , C, denote the inner 
perimeters of G. Suppose that G has a perfect matching M such that C,,, C i, . , C, are 
all M-alternating cycles. Let Mi = MA Ci (i = 0, 1, . , n). Note that Ci is also an 
M,-alternating cycle. Therefore, G has (at least) 2”+i distinct perfect matchings such 
that all Ci (i = 0, 1, . . , n) are alternating cycles. 
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We want to prove that G can be subjected to a series of normal tearings down plus 
n corona-tearings down, hexagon by hexagon, down to a single hexagon. In other 
words, G is regular. We proceed by induction on the number of hexagons of G. 
It is not difficult to see that the smallest coronoid system is the one depicted in 
Fig. 5. One can check that it satisfies the condition of the theorem and is regular. It has 
8 hexagons. 
Now suppose that G has h (> 8) hexagons. We distinguish two cases. 
Case 1: G has a hexagon s of mode A2 or L2 such that s has at least one edge on 
Co and one edge on Cj for some j (1 d j < n). Without loss of generality, we may 
assume that M is one of the perfect matchings with double bonds as indicated in 
Fig. 6. Delete s from G, and denote the resulting system by G’. Ifs is of mode AZ, let 
M’ = M - {e}; ifs is of mode Lz, let M’ = (M - {el,e2})u{e3>. Evidently, M’ is 
a perfect matching of G’ such that the outer and all the inner perimeters of G’ are 
M’-alternating cycles. If G’ is a hexagonal system, G’ can be subjected to a series of 
normal tearings down (Theorem 1). If G’ is a coronoid system, by induction hypothe- 
sis, G’ can be subjected to a series of normal tearings down plus y1 - 1 corona-tearings 
down. Then altogether G can be subjected to a series of normal tearings down plus 
n corona-tearings down, and is regular. 
Fig. 5. The smallest coronoid system. 
Fig. 6. 
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Case 2: G has no hexagon of mode A2 or L2 which has at least one edge on CO and 
one edge on Cj for some j (1 < j < n) (cf. Fig. 6). 
Subcase 2.1: G has a hexagon of mode L1. Then without loss of generality, we may 
assume that M is one of the perfect matchings with double bonds as indicated in 
Fig. 7. Evidently, after a normal tearing down of hexagon s from G the resulting 
coronoid system G’ also has a perfect matching M’ = M - {eI, e2) such that all the 
perimeters of G’ are M/-alternating cycles. Now the induction takes over. 
Subcase 2.2: G has no hexagon of mode Li. G can be placed on the plane in six 
different positions so that two edges of each hexagon are vertical. For each of the six 
possible positions of G, for each top row we can label a series of hexagons s,, s2, , s, 
on C, as shown in Fig. 8. Hexagons si and si+ 1 (i = 1, , t - 1) have one edge in 
common, while there is no hexagon belonging to G on the left-hand side of s1 and on 
the right-hand side of s, (marked by cross). 
Subcase 2.2.1: G has a top row with t > 2 for some of its six possible positions. Let 
G - CO denote the subgraph of G obtained by deleting all the vertices of CO together 
with their incident edges. If neither s’ nor s” belongs to G, G - CO has no perfect 
matching, contradicting that CO is an M-alternating cycle. Then without loss of 
generality, we may assume that s” belongs to G. 
Fig. 7. 
Fig. 8 
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First, we consider the case that there exists a top row with t 2 2 such that at least 
one of s* 1, . . , s,*_ 1 belongs to G. By the general assumption of case 2, edge e cannot lie 
on some inner perimeter of G. Now we consider the situation that hexagon 
ST_ 1 belongs to G. Then s, is of mode Lx. We may assume, without loss of generality, 
that e’ belongs to M. If e belongs to M, let G’ be the coronoid system obtained from 
G by a normal tearing down of hexagon st. Evidently, M’ = M - {e’} is a perfect 
matching of G’ such that the outer and all the inner perimeters of G’ are M’- 
alternating cycles. If e does not belong to M, then all the edges e,, e2, . . . , et_ 1 belong 
to M, and hexagon s’ belongs to G (if s’ does not belong to G, since G - C,, has 
a perfect matching, e must belong to M, contradicting our assumption). Note that 
ST must belong to G. Otherwise, e,_ 1 is on Co of G. Since C,, is an M-alternating cycle, 
the vertices on Co can only be matched by the vertices on C,, . Hence, e, _ 2 must be on 
Co. Similarly, all the edges e, _ 3, . . . , e2, e, must be on Co. This implies that ST_ 1 does 
not belong to G, contradicting the assumption that s,*_, belongs to G. Let 
M* = MA Co. Now M* is another perfect matching of G such that the outer and all 
the inner perimeters of G are M*-alternating cycles, and both e” and e,_, are M* 
double bonds. Similar to the above argument, the coronoid system G’ obtained by 
a normal tearing down of hexagon si of mode L3 from G has a perfect matching 
M’ = M* - {e”} such that the outer and all the inner perimeters of G’ are M’- 
alternating cycles. Now the induction takes over. In the following we consider the 
situation that s,*_ 1 does not belong to G. By our assumption, there is a natural number 
i, 2 d i d t - 1, such that ST_ 1 belongs to G and s” does not belong to G. Denote by 
a and b the two edges of si+i which are incident with si but do not belong to si 
(see Fig. 8). Since G is bipartite and edge a does not belong to M, edge b must 
not belong to M. Delete the two edges a and b from G, and denote by G* the 
component of G-{a, b) containing si. Evidently, M* = M n G* is a perfect matching 
of G* such that all the perimeters of G* are M*-alternating cycles. Then by 
Theorem 1 (if G* is a hexagonal system) or by induction hypothesis (if G* is a 
coronoid system), G* has a hexagon s such that the deletion of s from G* is a normal 
tearing down or a corona-tearing down. The hexagon s cannot be si. Therefore, 
deleting hexagon s from G is also a normal tearing down or a corona-tearing down. 
Let the resulting system be G’. We come to our conclusion in a quite similar way as 
above. 
Now consider the case that for each top row si, . . , s, with t 3 2, none of sf, . . . , s,*_ 1 
belongs to G. By the assumption of case 2.2, G has no hexagon of mode L1. Therefore, 
there exist two hexagons of G, say Si and iz, such that the vertices of S, are all on the 
outer perimeter of G and there is at least one vertex of S, not lying on the outer 
perimeter of G (see Fig. 9). Delete the edges a and b from G and denote the component 
containing S; by G*. Without loss of generality, we may further assume that in G* 
there are no two adjacent hexagons as Si and S,, . i e. one has all its vertices on the outer 
perimeter of G, the other has at least one vertex not lying on the outer perimeter of G. 
This implies that for the position as shown in Fig. 9, G* has only one hexagon for each 
top row. It can be reduced to subcase 2.2.2. 
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Fig. 9. 
Subcase 2.2.2: For each of the six possible positions, for each top row of G, we 
always have t = 1. Consider the hexagon si representing a top row at the extreme 
right for some position of G. When going clockwise from si along the outer perimeter 
of G we must reach a hexagon s2 where the outer perimeter of G turns left since G is 
finite. Note that since G has no hexagon of mode Lr, hexagons s; and s’,’ must belong 
to G. 
There are two possibilities as shown in Fig. 10: (a) there is no pair of adjacent 
vertices of degree two on C, of G between u and u; and (b) there is at least one pair of 
adjacent vertices of degree two on Co of G between u and v. Without loss of generality. 
we may assume that M is one of the perfect matchings with double bonds on Co of 
G as indicated in Fig. 10. Since Ci (i = 0, 1, . . . , n) is an M-alternating cycle, the 
hexagons s;,s;, . . , s;; si, s;l, . . . ,si must belong to G. In case (a), let M* = Ma Co. 
Then after a normal tearing down of hexagon s of mode L5, the resulting coronoid 
system G’ has a perfect matching M* such that all the perimeters of G’ are M*- 
alternating cycles. In case (b), we first consider the situation when hexagon ST belongs 
to G. If el belongs to M, then deletion of Si from G is a normal tearing down of 
a hexagon of mode L3, and the resulting coronoid system G’ has a perfect matching 
M’ = M - {e} such that the outer and all the inner perimeters of G’ and M’- 
alternating cycles. If er does not belong to M, then all the edges e2, . , e, and E belong 
to M. Let M’ = Ma Co. It is evident that deletion of hexagon s from G is a normal 
tearing down of mode L5, and the resulting coronoid system G’ has a perfect 
matching M’ such that the outer and all the inner perimeters of G’ are M’-alternating 
cycles. 
The remainder is the case when hexagon ST does not belong to G. By the assump- 
tion of case 2. G has no hexagon of mode Lz or A2 with at least one edge on Co and 
one edge on Cj (1 < j < n). Edge e, must be on Co. Moreover, el does not belong to 
M. Otherwise, the outer perimeter of the right component of G - S, is a cycle with odd 
length, contradicting that a bipartite graph has no cycle with odd length. Therefore, 
e2, , e, and Z must belong to M. If hexagon s,* belongs to G, deletion of hexagon 
s from G is a normal tearing down of a hexagon of mode L, and the resulting coronoid 
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Fig. 10. 
system G’ has a perfect matching M’ = M A CO such that the outer and all the inner 
perimeters of G’ are W-alternating cycles. Ifs,* does not belong to G, but there is some 
isuchthatl<i<r,sT,..., ST_ 1 do not belong to G and s? belongs to G, then delete 
the two edges of Si _ 1, i.e. e* and e** (cf. Fig. 11). Denote the lower component of 
G - (e*,e**) by G*. Evidently, G* is a hexagonal or coronoid system with a perfect 
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Fig. 11 
matching M* = M n G* such that all the perimeters of G* are M*-alternating cycles. 
Then by Theorem 1 or by the induction hypothesis, G” has a hexagon s such that the 
deletion of s from G* is a normal tearing down or a corona-tearing down. The 
hexagon s cannot be Si. Therefore, deletion of hexagon s from G is also a normal 
tearing down or a corona-tearing down. Now suppose that none of the hexagons 
s:,s;, . . . ,$ belongs to G. Delete the edges e’ and e“ (cf. Fig. ll), denote the lower 
component of G - {e’, e”} by G*. Then G* is a hexagonal system or a coronoid system 
with a perfect matching M* = M nG* such that all the perimeters of G* are M*- 
alternating cycles. Replace G* on the plane so that w is a peak (i.e. s2 represents a top 
row). For G* we can find the hexagon s”, which represents a top row at the extreme 
right and discuss this case in a similar way as at the beginning of the subcase 2.2.2. We 
may find a hexagon s” of mode L3 or L5 such that the deletion of s” from G* is 
a normal tearing down. Note that s” is evidently different from s (cf. Figs 11 and 10). 
Hence, deletion of s” from G is also a normal tearing down. If we cannot find such 
a hexagon as s”, we will find a subsystem G** of G* in a similar way as we find the 
subsystem G* of G. Repeat the discussion as above. Since G is finite, we will eventually 
find a hexagon s of G such that the deletion of s is a normal tearing down. As before, 
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apply induction hypothesis to G - s and eventually come to our conclusion. The 
proof is thus completed. 0 
It is easy to see that Theorem 5 is a direct corollary of the above theorem. 
Remark 7. We know that hexagonal and coronoid systems are bipartite graphs. In 
general, each elementary bipartite graph has an ear decomposition [6], which is 
similar to our generating method metioned above. In fact, the normal tearings down 
of hexagons of mode Lr, L, and L5 can be viewed as ear decompositions. But tearing 
down of a hexagon of mode L2 or A, has nothing to do with ear decomposition. 
Therefore, our method is different from the ear decomposition for general bipartite 
graphs. 
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